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This paper is a continuation of the paper “On z-ideals and d-ideals in Riesz 
spaces I”. For the terminology and notation used in this paper we refer to [ 111. 
As in part I, we assume that all Riesz spaces considered are Archimedean. 
7. MAXIMAL Z-IDEALS AND MAXIMAL D-IDEALS 
The existence of maximal z-ideals (maximal d-ideals) in a Riesz space L is 
closely related to the presence of a near unit (weak unit). 
DEFINITION 7.1. The element 0 <e E L is called a near unit whenever I, = L, 
where I, denotes the closure of Ie in the uniform topology. 
Evidently, every strong unit is a near unit, and every near unit is a weak unit. 
If L possesses a near unit (weak unit), then, by Zorn’s lemma, every proper 
z-ideal (d-ideal) is contained in a maximal z-ideal (maximal d-ideal). 
THEOREM 7.2. (i) In an Archimedean (hence commutative) f-algebra A the 
ring unit e is a near unit. 
(ii) In the Riesz space C(X) of all real continuous functions on a completely 
regular Hausdorff space X, the element u 2 0 is a near unit tff u(x) + 0 for all 
XEX (i.e. iff u-l exists in C(X)). 
PROOF. (i) For any g EA we have gg+ =(gf)2-gggg =(g+t2?0. For any 
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O%f EA it follows from (f- ne) cf- ne)+ 10 (n = 1,2, . ..) that 
Ocf-fAne=fvne-ne=(f-ne)+ In-l f(f-ne)+ In-lfZ, 
and so f EZk. This implies that A =Ih, so A =I,. The present simple proof is 
due to W.A.J. Luxemburg. 
(ii) If 0 I u E C(X), then 
z, = (fE C(x):Z(u)cZ(f)) 
(see [ll], the proof of Theorem 3.3). Hence Z; = C(x) iff Z(U) = 0. 
As stated before ([ll], section 6), every maximal o-ideal in L is a maximal 
z-ideal. In the next theorem we present necessary and sufficient conditions for 
the converse to hold. 
THEOREM 7.3. In a Riesz space L with a near unit e the following conditions 
are equivalent. 
(i) Every maximal z-ideal is a maximal o-ideal. 
(ii) e is a strong unit. 
(iii) L possesses a strong unit. 
PROOF. (i)* (ii) Suppose, that e is not a strong unit. Then there exists 
O s f E L such that (nc -A - > 0 for all n = 1,2, . . . . Let A be the z-ideal generated 
by the sequence 
(fn=(ne-fi+: n=1,2,...). 
We show that A is proper. If not, there exists k~ N such that eEZi, and so 
Zf;- = L. Putting gk = (ke -fi -, it follows from gkAfk = 0 that Z; n ZA = (0), and 
therefore Z& = (0), i.e., gk = 0, a contradiction. So, A is a proper z-ideal. Hence, 
A is contained in a maximal z-ideal J. By hypothesis, .Z is a maximal o-ideal, so 
L/J is Archimedean. In L/J we have [fn] = [0], i.e., [0] sn[e] 5 m for all 
n= 1,2, . . . . which implies that [e] = [O]. In other words eE J, which is absurd. 
(ii) * (iii) Trivial. 
(iii) =) (i) Let J be a maximal z-ideal. Since L possesses a strong unit, J is con- 
tained in some maximal o-ideal Jl. As we have seen before, Jl is a proper 
z-ideal, hence J= Jl. 
COROLLARY 7.4. (cf. [7], Theorem 5.8) In C(x) every maximal r-ideal is a 
maximal o-ideal iff X is pseudo-compact (i.e., C(X) = C&(x)). 
PROOF. As we have noted in section 6 [ 111, the collections of maximal z-ideals 
and maximal r-ideals in C(x) coincide. Now it follows immediately from the 
last theorem that every maximal r-ideal is a maximal o-ideal iff e is a strong unit 
(where e(x) = 1 for all XEJO, i.e., iff C(x) = Cb(x). 
Note that every o-ideal in C(X) is an r-ideal iff X is pseudo-compact. 
We want to investigate now how the maximal z-ideals and the maximal 
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d-ideals are related to one another. For this purpose we need the following 
theorem. 
THEOREM 7.5. In a Riesz space L with near unit e every proper uniformly 
closed o-ideal is an intersection of maximal z-ideals. 
PROOF. Let I be a proper uniformly closed o-ideal in L. Evidently, 
(1) IC fl (J: J maximal z-ideal in L, IC J). 
Take 0 s u E fl (J: J maximal z-ideal in L, Zc J) and put I * = In&. Then I * is 
a proper uniformly closed o-ideal in le. As noted in [i 11, section 2, 
Z * = rl (Je : J, maximal o-ideal in I,, I * c Je). 
Since the mapping p, defined by pm = 1 f 1 AU, is continuous in the uniform 
topology and q(u) = U, there exists for any neighbourhood V of u a neighbour- 
hood W of u, satisfying p( W)C V. Now u ~1, = L implies the existence of 
g E Wn le. Setting v = q(g), we have 0 5 v 5 u and v E Vv(I&. Then 
v E ll (Jn I, : J maximal z-ideal in L, IC J). 
We show that, given the maximal o-ideal J, in Ie containing I*, there exists a 
maximal z-ideal J in L containing I such that Jn le c Je. For this purpose, let 
Me c J, be an I *-minimal prime o-ideal in le. By [ 141, Theorem 52.2, there exists 
a unique proper prime o-ideal M in L satisfying MnI, =Me, and 0 I w E M 
iff wAe E iHe. It is easy to check that M is an Z-minimal prime o-ideal in L. Since 
I is a z-ideal, it follows from [ll], Theorem 6.3, that M is a proper prime 
z-ideal. Hence M is contained in a maximal z-ideal J. Now the o-ideals JnI, 
and Je both contain the prime o-ideal Me, so these o-ideals are comparable. 
Since JnI, is proper and Je is a maximal o-ideal in le, it follows that JnI,C J,. 
We conclude now that 
v E fl (Je: J, maximal o-ideal in le, I * c Je) = I * 
Thus it has been proved that every neighbourhood I/ of u contains an element 
veZ*, i.e., uE?-j;=lnZe=I-nl; =Z (using [ll], Theorem 2.2). Combining 
this with (1) above we get the desired result. 
REMARK 7.6. (i) From this theorem it follows immediately that in C(X) 
every proper uniformly closed r-ideal is an intersecton of maximal r-ideals (use 
that in C(X) every uniformly closed r-ideal is a uniformly closed o-ideal (see 
(111, Theorem 3.1) and every maximal z-ideal is a maximal r-ideal (see [ll], 
section 6)). 
(ii) In a Riesz space L with a near unit, every intersection of maximal 
z-ideals is uniformly closed iff L has a strong unit. Indeed, if L has a strong 
unit, then every maximal z-ideal is, as a maximal o-ideal, uniformly closed. 
Conversely, it follows from the hypothesis that every maximal z-ideal is a 
maximal o-ideal, and so, by Theorem 7.3, L possesses a strong unit. 
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(iii) In the same way as in Theorem 7.5 it can be proved that in a Riesz space 
with a weak unit every proper a-ideal is an intersection of maximal d-ideals. 
THEOREM 7.7. In a Riesz space L with a near unit e, the following con- 
ditions are equivalent. 
(i) Every z-ideal is a d-ideal. 
(ii) Every uniformly closed o-ideal is a d-ideal. 
(iii) Every maximal d-ideal is a maximal z-ideal. 
(iv) The collections of all maximal z-ideals and of all maximal d-ideals 
coincide. 
(v) Every maximal z-ideal is a d-ideal (and hence a maximal d-ideal). 
Moreover, if L is uniformly complete, then each of these statements is 
equivalent to 
(vi) L has the a-order continuity property (a-0.c.p.). 
PROOF. (i) =1 (iii) Routine. 
(iii) * (iv) Let J be a maximal z-ideal. Then J contains, as a prime o-ideal, a 
minimal prime o-ideal M. Now A4 is, as a proper d-ideal, contained in some 
maximal d-ideal 51, which is by hypothesis a maximal z-ideal. Furthermore, J 
and JI are o-ideals containing the prime o-ideal M, so J and Jl are comparable. 
Hence, J= Jl. In other words, J is a maximal d-ideal. 
(iv) * (v) Obvious. 
(v) * (ii) Follows directly from Theorem 7.5. 
(ii)*(i) Let I be a z-ideal, and f E I. By hypothesis 17 is a d-ideal. This 
implies that {f }dd = 17, and hence (f }ddcI. 
The equivalence of (i) and (vi) under the additional condition that L is uni- 
formly complete has been proved in [ll], Theorem 5.4 (ii). 
&THEGELFAND-KOLMOGOROFFTHEOREM 
Given the completely regular Hausdorff space X, there exists a compact 
Hausdoff space Y in which X can be densely embedded (i.e., there exists a 
homeomorphism z of X onto a dense subspace of Y), such that any bounded 
continuous function on X (as X and rX are identified) has an extension to a 
continuous function on Y. Such a space Y, which is uniquely determined except 
for a homeomorphism, is called a Stone-tech compactification of X, and is 
denoted by PX (see e.g. [7], Chapter 6). The well-known Gelfand-Kolmogoroff 
theorem states that the maximal r-ideals in C(X) are precisely the sets 
J= cfr~ C(X):xe Z(#*) 
with x E PX and where Zflx denotes the closure of Z(j) in /3X ([6], [7], section 
7.3). In the present section we will prove an abstract version of this’theorem. 
We remind the reader that in any non-empty subset g of the collection 90(L) 
of all proper prime o-ideals in a Riesz space L the sets {R}f=(R E ~$:fbR), 
f EL, form a base for the hull-kernel topology in 9 (see [14], sections 35, 36 
and 37). If L has a strong unit, then the space fo(L) of all maximal o-ideals in L 
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is compact Hausdorff space (see [14], Theorem 36.4 (ii)). Analogous results 
hold for the space y,(L) of all maximal z-ideals in a Riesz space with a near unit 
and for the space f&L) of all maximal d-ideals in a Riesz space with a weak 
unit respectively. We omit the proofs of these results, since they are similar to 
the corresponding proof for ,,Fo(L). 
The following lemma is needed for later purposes. 
LEMMA 8.1. (compare [ 161, Theorem 1.2) Zf L has a strong unit and 71 is the 
mapping from 670(L) onto $%(L), which assigns to every proper prime o-ideal 
the unique maximal o-ideal in which it is contained, then n is continuous. 
PROOF. Take PI E 30(L), put I = Jr and let {.Z}, be an open neighbour- 
hood of Jr. Then jv=fo(L) \ {J} U is a compact subset of &I(L). If KE Y, then 
Kf Jr, so there exist 01 VkEJ1 \ K and 01 wkEK\ Jr such that vkAwk=O. 
Then 
3’~ u((J}v,: KE 39. 
On account of the compactness of jv, there exist K; E jY (i = 1, . . ., n) and cor- 
responding VIE Jr \ Ki, W;E Ki \ Jr, such that viAwi=O and such that 
where v = vrv. ..vv,,. Putting w = w~A.. .AW~, we have w $ Jr, and so PI E (P}W. 
If PE (P},, then v E P, and hence v E n(P), i.e., 
n(P) E &o(L) \ (J}“C~O(L) \ AT= {J)u. 
We conclude that ;rr((P)W) C {.Z}U. This shows that rc is continuous. 
THEOREM 8.2. Let L be a uniformly complete Riesz space with a near unit e. 
Then the spaces fz(L) of all maximal z-ideals in L and &o(Ze) of all maximal 
o-ideals in Ze are homeomorphic. 
PROOF. (1) Definition of the homeomorphism 0. If JE$(L), then 
J* = .ZnZ, is as a proper prime o-ideal in Ze contained in a unique maximal 
o-ideal o(J). This defines a mapping o: I&+&%. 
(2) o is surjective. Take Je~&o(Ze) and let Iv&c Je be a minimal prime 
o-ideal. Then IV& can be extended to L as a minimal prime o-ideal A4 (see [14], 
Theorem 52.3). Now the proper prime z-ideal M([ll], Corollary 6.4 (i)) is con- 
tained in a unique maximal z-ideal JELL. It follows from A&C J, and 
Me c Jn Ze = J * c a(J) that J, and a(J) are comparable, which implies a(J) = J,. 
(3) o is injective. If J1, J2 E yz(L) and Jl # J2, then Jl + J2 = L. Indeed, L is 
uniformly complete, so, by [l l] Theorem 3.5, 51 + J2 is a z-ideal, and hence 
must be equal to L. Therefore, there exist 01jt E Jl and 0 s j2 E JZ such that 
e = jr + jz. Since jr E J; and j2 E J; we get e E J; + Ji, hence J; + Ji = Ze, and so 
o(J1) + a(h) = le. This implies o(J1) # a(J2). 
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(4) o is continuous. Let t : jz(L)+ Yo(&) be the mapping defined by 
s(J) = J*. A moment’s reflection shows that r is continuous. Furthermore, the 
mapping n: Yo(&)-+ fo(L), as defined in Lemma 8.1, is continuous, and so 
G = n 0 T is continuous. 
(5) o is a homeomorphisrn. From the above it follows that ts is a bijective 
continuous mapping from a compact space onto a Hausdorff space. Hence, o is 
a homeomorphism. 
THEOREM 8.3. Same situation as in Theorem 8.2. If Jee &o(&), then 
a-‘(Je)=Cf~L:Je>17 f--G), 
where u denotes the homeomorphism which is defined in the proof of 
Theorem 8.2. 
PROOF. Put-A=(fEL:Je>ITflZe) and a-‘(Je)=J. IffEJ, then ITCJ, 
so 17 flZ,CJ*, and hence Z; nI,cJ,, i.e.,fEA. Hence JcA. If we can show 
that A is a proper z-ideal, then we are done. Note that e$A, so A is proper. 
Takef,gEA, then using [II] Theorem 3.5, 
and so f +~EA. Now it is an easy matter to verify that A is a z-ideal. 
We shall apply the Theorems 8.2 and 8.3 to the concrete situation that Xis a 
completely regular Hausdorff space, L = C(x) and Ze = C&X) (here e(x) = 1 for 
all XEX). As well-known, the space f,.(Cb(x)) of all maximal r-ideals 
(equipped with the hull-kernel topology) is a Stone-tech compactification of X 
(the embedding of X in 3 (C%(X)) is given by the mapping which assigns to 
every XEX the maximal r-ideal Jx= (f~ cb(m : f(x) = 0)). We denote by 
3 (Cb(x)) the space of all maximal o-ideals in Cb(;y). 
THEOREM 8.4. The COkCtiOnS $I (Cb(x)) and 2 (C&X)) are identical. 
PROOF. In [13], Theorem 2.1. and [ 141, section 34, it is proved that every 
prime r-ideal in Cb(x) (and in C(x) as well) is a prime o-ideal. Furthermore, 
note that in C&Y) every o-ideal is an r-ideal, Indeed, if f,g E Cb(x), then 
Ifg 1 in jf 1 for some n E R\l, so if I is an o-ideal and f EI, then fge1. 
If J is a maximal o-ideal in Cb(m, then J is as a proper r-ideal contained in 
some maximal r-ideal Jl. Since Jl is a prime r-ideal, it is an o-ideal, hence J= JI, 
i.e., J is a maximal r-ideal. Conversely, if N is a maximal r-ideal, then N is as a 
prime r-ideal an o-ideal. Since Cb(x) possesses a strong unit, N is contained in 
some maximal o-ideal Nr. Then Ni is an r-ideal and therefore N=Nt, which 
implies that N is a maximal o-ideal. 
COROLLARY 8.5. The space 66 (Cb(X)), equipped with its hull-kernel 
topology, is a Stone-tech compactification of X. 
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We note in this connection that the space 3 (C(x)), equipped with its hull- 
kernel topology, is a Hewitt compactification OX of X (cf. [7], Chapter 8). 
Another corollary of the above theorem is the following. 
COROLLARY 8.6. ([7], section 7.11; [9], Theorem 46) The spaces $(C(X)) 
and 3 (Cb(x)) are homeomorphic. 
PROOF. Follows from Theorem 8.2, 8.4 and from the fact that the 
collections yz(C(x)), of all maximal z-ideals in C(x), and fr(C(X)), of all 
maximal r-ideals in C(x), are identical ([l 11, section 6). 
We emphasize the fact that Corollary 8.6 follows from a general Riesz space 
theorem, the proof of which is completely different from the proof given in [7] 
and [9]. 
For a good interpretation of Theorem 8.3 we need the following lemma. 
LEMMA 8.7. If we denote 3 (cb(ly)) =$ (G,(X)) by BX, then we have for 
any f E C(X) that 
PROOF. We embed X in 3 (Q(x)) =/IX by assigning to each XEX the 
maximal o-ideal J, = (f E cb(x) : f(x) = 0). Then we have Zy-) = (J, : f(x) = 0). 
Now Jl E Zflx* for all g E Cb(Jr? \ Jl we have { Jjg rl Z(f) # 0 
# for all g E Cb(x) \ Jl there exists XE X such that g(x) # 0 and f (x) = 0 
e for all g E Cb(x) \ J1 we have Z(j) Q Z(g) 
# for all g E Cb(x) \ Jl we have g I$ IT (see [l 11, proof of Theorem 3.3) 
H Jl >q n cb(x). 
COROLLARY 8.8. ([6], the Gelfand-Kolmogoroff theorem) Zf JE 2 (C(X)), 
then there exists a unique J, E &r (cb(.x)) = /lX such that 
J=(~E C(X) : J,EZ(@~). 
PROOF. Combination of Theorem 8.3 and Lemma 8.7. 
Now Theorem 8.3 can properly be called the abstract Gelfand-Kolmogoroff 
theorem. In this context we refer the reader also to 181, Corollary 2.8 and 
Theorem. 4.6. 
We conclude this section with another result that can be deduced from 
Theorem 8.2. 
THEOREM 8.9. (compare [19], Corollary of Theorem 4.1, Chapter III) If L is 
a uniformly complete Riesz space and 0 I u, v EL are both near units, then the 
principal o-ideals IU and I, are Riesz isomorphic. 
PROOF. It follows from Theorem 8.2 and from Yosida’s representation 
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theorem (see [14], Theorem 45.4) that, whenever 0 I u EL is a near unit, then ZU 
is Riesz isomorphic to the space C( &AL)). This implies the desired result. 
9. REGULAR AND NORMAL RIESZ SPACES 
DEFINITION 9.1. The Riesz space L is called z-regular whenever every proper 
prime z-ideal in L is a minimal prime z-ideal (i.e., minimal prime o-ideal, by 
[l l] Corollary 6.4). The notion of d-regularity is defined similarly. 
Note that any hyper-Archimedean Riesz space is z-regular (by [ Ill, Theorem 
2.4), and that z-regularity implies d-regularity. 
The set S?,(L) = (I, : 0 I u EL), partially ordered by inclusion, is a distri- 
butive lattice, with 
Z; vZ; = ZU + V and Z, AZ; = ZUAV. 
Observe that if L is uniformly complete, then Z; vZ; =I; + Z; (by [ll], 
Theorem 2.3 (ii)). The lattice Yr(L) has a largest element iff L has a near unit. 
We now present a simple proof of a well-known theorem (see e.g. [2], 
Theorem 7.5.4 or [14], Theorem 37.11). 
THEOREM 9.2. In a Riesz space L the following conditions are equivalent. 
(i) L has the principal projection property. 
(ii) L is normal and d-regular. 
PROOF. (i) * (ii) If U, v EL such that uAv = 0, then v E { u)~, so { u}~~C iv>“. 
By hypothesis, L = {u}~~@ {u}~, hence L = { v}~ + { u>~. This implies that L is 
normal (see [ll], Theorem 2.5). Let P be a proper prime d-ideal. In order to 
prove that P is a minimal prime o-ideal, it is sufficient to prove that for any 
f E P there exists g $ P such that f I g (see [14], exercise 33.9). For any f E P we 
have (f }dd c P. Since L = (f }dd@ (f }4 th ere exists g E {f }d such that-g $ P, i.e., 
there exists g $ P such that f 1 g. Hence, P is a minimal prime o-ideal. 
(ii)*(i) Suppose {u}~~@{u}~#L for some 05ueL. Since L is normal, 
{u}~~@(u}~ is, by [ll] Theorem 4.4, a proper d-ideal, hence contained in a 
proper prime d-ideal P. Now it follows from the d-regularity of L that P is a 
minimal prime o-ideal, whereas u E P and {u>~c P,which is impossible (again 
by [14], exercise 33.9). 
Analogously to [l 11, Theorem 2.4 we have 
THEOREM 9.3. In a Riesz space L the following conditions are equivalent. 
(i) L is z-regular. 
(ii) Every proper prime z-ideal is a maximal z-ideal. 
(iii) Yr(L) is a Boolean ring. 
Moreover, tf L is uniformly complete, then each of these statements is 
equivalent to 
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(iv) I; is a direct summand for all 0 I u EL. 
(v) L has the a-o.c.p. and L has the principal projection property. 
(vi) L has the a-o.c.p. and L is d-regular. 
PROOF. (i) e (ii) Obvious. 
(i) o (iii) Denote by Y( .$ (L)) the collection of all proper (lattice) prime 
ideals in 4 (L), and by 5$ (L) the collection of all proper prime z-ideals in L. 
The mapping a, : Y( .5$ (L))-+ 9 (L), defined by q?(o) = (MEL : Zf E w), is 
bijective and or c w2 iff P(W) C ~(02). From this it follows that every proper 
prime ideal in J!$ (L) is minimal iff every proper prime z-ideal in L is minimal. 
Using a well-known theorem of Stone (see e.g. [14], Theorems 8.5 and 8.6) we 
derive that 5$ (L) is a Boolean ring iff L is z-regular. 
Suppose now that L is uniformly complete. 
(i) =+ (iv) Assume that 1; 01: #L for some 0 5 u EL. Since L is uniformly 
complete, 1; 012 is a proper z-ideal, and so 1; @ItcP for some proper prime 
z-ideal P (here we use [l 11, Corollary 6.2 (iii)). By hypothesis, P is a minimal 
prime o-ideal, whereas u E P and {u}~C P, a contradiction (see [14], Exer- 
cise 33.9). 
(iv)*(v) It follows from 1; cZtd for all 05~ EL and from the hypothesis 
that L has the principal projection property. It follows from 1, =I:’ for all 
05~~ L that every z-ideal is a d-ideal, and so, by [ll], Theorem 5.4 (ii), L has 
the a-o.c.p. 
(v) * (vi) Follows directly from Theorem 9.2. 
(vi)*(i) Since L has the a-o.c.p., every z-ideal is a d-ideal. If P is a proper 
prime z-ideal, then P is a proper prime d-ideal. The d-regularity of L implies 
that P is a minimal prime o-ideal. Hence, L is z-regular. 
THEOREM 9.4. Every z-regular Riesz space L with a strong unit is hyper- 
Archimedean. 
PROOF. Let A4 be a minimal prime o-ideal. Since L is z-regular, M is a 
maximal z-ideal, and since L has a strong unit, M is a maximal o-ideal (see 
Theorem 7.3). By [l I], Theorem 2.4, L is hyper-Archimedean. 
The set PP (L) =({u> dd . 0 < u E L), partially ordered by inclusion, is a distri- _
butive lattice, with 
{U}ddv{V)dd={u+V}dd and {u}~~/\{v}~~ = (uAv}~~. 
Observe that if L is normal, then {u)dd~(v]dd={u)dd+{v)dd (using [ll], 
Theorem 4.4). The lattice 4 (L) has a largest element iff L contains a weak 
unit. 
Analogous to [ll], Theorem 2.4 and Theorem 9.3 we have the following 
theorem, the proof of which is similar to the proof of Theorem 9.3, and is 
therefore omitted. 
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THEOREM 9.5 (cf. [15], Theorem 1.2) In a Riesz space L the following 
conditions are equivalent. 
(i) L is d-regular. 
(ii) Every proper prime d-ideal is a maximal d-ideal. 
(iii) Ln, (L) is a Boolean ring. 
REMARK 9.6. The equivalence of (i) and (iii) in the last theorem implies that 
the following conditions are equivalent. 
(i) L is d-regular. 
(ii) For all O~u,veL there exists OSW~L such that UAW=O and 
v E {u + wIdd, in other words, L is weakly projectable (see [21], Definition 3.1). 
(iii) For all 0 I u IV in L there exists Or w E L such that UAW = 0 and 
(vjdd = {u + w}dd, in other words, L has the .Apseudo complementation 
property (see [14], section 37). 
If, in addition, L has a weak unit, then each of these statements is equivalent 
to 
(iv) For any 0 I u EL there exists 0 iv EL such that {ujdd = (v}~. 
REMARK 9.7. If L is uniformly complete, then L is almost Dedekind o-com- 
plete (for this notion see [I] and [5]) iff L is d-regular (see [17], Theorem 7). 
THEOREM 9.8. If L is a Riesz space with a weak unit, then the following 
statements hold. 
(i) L is d-regular iff for every Oru E L there exists Or v E L such that 
{u}dd= {v}d. 
(ii) L is z-regular iff for every 01 u EL there exists 0 5 v E L such that 
z, = {v}d. 
(iii) L is hyper-Archimedean iff for every 0 I u EL there exists 0 c: v EL such 
that I,, = { v}~. 
PROOF. (i) See Remark 9.6. 
(ii) If L is z-regular, then every proper prime z-ideal is a minimal prime 
o-ideal, and therefore every (proper) z-ideal is (as an intersection of minimal 
prime o-ideals) a d-ideal. Hence, I; = { u}dd for all 0 I u EL. Moreover, L is d- 
regular, so by (i) there exists for every 0 5 u EL an element 0 I v EL such that 
{ u}~~ = { vjd. Conversely, it follows from the hypothesis and from (i) that L is 
d-regular. Furthermore, since 1; = {u}“~ for all 0 5 u EL, every z-ideal is a 
d-ideal. Hence, L is z-regular. 
(iii) Similar to the proof of (ii). 
Now we will present a characterization of uniformly complete normal Riesz 
spaces. 
DEFINITION 9.9. ([20], section 0) The Riesz space L has the a-interpolation 
property if, whenever (fn : n = 1,2, . ..) and (gn : n = 1,2, . ..) are sequences in L 
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such that f,, I gm for all n, m, there exists h EL such that fn I h 5 gm for all n, m 
(equivalently, if, whenever f.,? <g,i in L, there exists h EL such that fn 5 h <gn 
for all n). 
Riesz spaces with the a-interpolation property have been studied in e.g. [4]. 
THEOREM 9.10. A Riesz space L with the o-interpolation property is uni- 
formly complete. 
PROOF. By [14], Theorem 39.4 it is sufficient to prove that every monotone 
uniform Cauchy sequence has a uniform limit. Let 0 sfnt be a u-uniform 
Cauchy sequence in L for some u 2 0. Furthermore, it is sufficient to prove that 
there exists a uniform convergent subsequence of cfn : n = 1,2, . . .), so we may 
assume that O<fm-fn<2-(“f1) u for all mrn. Putting gn =fn +2-“2.4, 
n=1,2,..., we have 0 Ifn sg, and gnl. Indeed, 
gn-g,+1 =2-(“+‘)u--cfn+* -fn)LO. 
Now it follows from the hypothesis that there exists h EL such thatfns hlgn 
for all n. This implies that fn-+h(u). 
LEMMA 9.11. If 0~ v, w, p E L, such that 01~5 (w - wAnv)Av for all 
n=l2 7 I -a., then p = 0. 
PROOF. We first note that p I w - wAnv, so p + wAnv 5 w, n = 1,2.. . . Now 
we have 2prp + WAVS w. It follows from 2~52~ that 2~5 WAN, and so 
3p1p + we 5 w. Repeating this argument we find that kpl w for all 
k=l2 9 f ***, which implies, by the Archimedean property of L, that p = 0. 
THEOREM 9.12. A Riesz space L with the o-interpolation property is 
normal. 
PROOF. Assume that OIU, VE L such that u~v=O. For any Or WE L we 
have wAnu+wAnv=wAn(u+v)~w, n=1,2,..., and so OlwAnuf5 
5 w - WAnvl. From the hypothesis it follows that there exists z E L such that 
WAnMIZ5W-WAnV, n=1,2.... 
Using Lemma 9.11, it follows from 0 I ZAv I (w - wAnv)Av, n = 1,2, . . . , that 
ZAV = 0, i.e., z E { v}~. Analogously 0 I w-z E { u}~. From this we deduce that 
L = {u}~+ {v}+ H ence, by [l l] Theorem 2.5, L is normal. 
In order to prove the next theorem we need a lemma. 
LEMMA 9.13. Let L be a uniformly complete normal Riesz space. If 
0 I u E L and fn, gn E L (n = 1,2, . . .) such that - u 5 f,? 5 gnl 5 u, then there exists 
z~Lsuch that Iz/s+u, (f,,--z)+~+uand(g,--z)-~Suforalln. 
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PROOF. Since L is uniformly complete the sums 
f= i 2-“&-i@+ andg= i 2-“(g,+fu)- 
n=l n=l 
exist (u-uniformly), and fng = 0. Since L is normal, we have L = {.f}d + {g}4 so 
u=ui+u2 for some Orui~{f}~ and 05~2~{g}~, Then ull\cfn-$u)+=O 
and U2A(gn + fu)- = 0 for all n. Defining z = f(uz - ~1) we have 1 z 1 5 +u, and for 
all rz 
[(fn-z)+ -&]+A[&-z)+ -+I+ =V;1-z-fu)+A(fn-z-+u)+ I 
r(~--f~2+~~1-5U)+A(fn-~U)+ =(ful)ACfn-+u)+ =o. 
Hence, [Cfn-z)+-$]+=O,i.e., (fn-z)+5$, n=l,2 ,.... 
AnalogousIy it follows that (gn -z)- <+u, n = 1,2, . . . . This concludes the 
proof. 
THEOREM 9.14. A uniformly complete normal Riesz space L has the 
o-interpolation property. 
PROOF. In order to prove that L has the a-interpolation property, we have 
to prove that, whenever fn,g, E L (n = 1,2,. ..) such that - u z&T Ignl 5 u, for 
some 0 I u EL, there exists h EL such that fn zz h sg, for all n. 
We shall define inductively for k = 0,1,2, . . . elements yk in L such that 
(i) Iyk-i-ykl zG(+)kU for k=l,2 ,.... 
(ii) (fn-yk)+ I(+)~u and (g,-yk)- I(+)~u for k=O, 1, . . . and all n 
as follows. For k = 0 we set yo = 0. Now suppose that yo, . . .,yk (k L 0) with the 
properties (i) and (ii) have been defined. We now define yk+ 1. To this end, set 
f;T=(fn-~dv(-(#)ku) and g,*=(gn-YdA((+)kU} 
for n = 1 2 , , . . . . Using that 
f~-yk5V;I-yk)+~(+)kZ4andgn-yk~-(gn-yk)-=r-(+)kU 
for all n, it is easy to see that 
- (+)ku sf,*T 5 g,*l s (+)-)ku. 
It follows from Lemma 9.13 that there exists z E L such that 
IZI I+(+)-)kU, (f;-2)’ s(+)k+l u and (g,*-z)- s(+)~+‘u, n=1,2 ,.,.. 
Defining yk+l “yk+Z, it is easily verified that yk+l satisfies (i) and (ii). This 
concludes the induction step. 
It follows from (i) that (yk : k = 0, 1, . ..) is a u-uniform Cauchy sequence. 
Since L is uniformly complete, there exists h EL such that yk+h(u). Now (ii) 
implies that v;t - h)+ = 0 and (gn - h)- = 0, i.e., fn (: h and h <g,, for all 
n=l,2,.... Hence the element h has the desired properties. We conclude that L 
has the a-interpolation property. 
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Resuming the above theorems, we have proved the following theorem. 
THEOREM 9.15. In a Riesz space L the following conditions are equivalent. 
(i) L has the a-interpolation property. 
(ii) L is uniformly complete and normal. 
It is worthwhile to note that the a-interpolation property in a Riesz space 
L implies that, whenever f,? lgnl and gn -fn10 there exists he-L satis- 
fying fn I h I gn for all n. Such an element h is necessarily unique and, in fact, 
h = sup fn = inf gn. It turns out that the latter property is equivalent to the order 
completeness of L, i.e., every order Cauchy sequence in L is order convergent 
(see [18], Lemma 2.10). It is straightforward from the proof of Theorem 9.10 
that order completeness implies uniform completeness. Hence, by Theorem 
9.15, L has the a-interpolation property iff L is order complete and normal. 
It is well-known that the Riesz space L is Dedekind a-complete iff L has the 
principal projection property and L is uniformly complete. Combining 
Theorem 9.2 and 9.15 we deduce that L is Dedekind a-complete iff L is d-regu- 
lar and has the a-interpolation property. We conclude this section with another 
characterization of Dedekind o-completeness. 
THEOREM 9.16. In a Riesz space L the following conditions are equivalent. 
(i) L is Dedekind u-complete. 
(ii) L is d-regular and order complete. 
PROOF. (i) * (ii) Evident. 
(ii)=)(i) Since L is uniformly complete and d-regular, we have, according to 
Remark 9.7, that L is almost Dedekind a-complete. By [l], Theorem 1, every 
order bounded monotone sequence in L is order Cauchy. Let 0 sfnt I u in L. 
Then (f, : n = 1,2, . ..) is order Cauchy, and since L is order complete, there 
exists f E L such that fnTf. 
10. APPLICATIONS TO C(x) 
Let X be a completely regular Hausdorff space. In this section we study 
several order properties of C(X). 
We first need a lemma, which is of independent interest. 
LEMMA 10.1. (cf. [2], Theorem 9.3.2) The subset M of C(x) is a minimal 
prime o-ideal iff A4 is a minimal prime r-ideal. 
PROOF. We first recall that a prime r-ideal P in a commutative semi-prime 
ring R (i.e., the only nilpotent element is 0) is a minimal prime r-ideal iff for any 
r E P there exists se P such that rs = 0 (see [12], Lemmas 3.1 and 8.1). Since 
fg = 0 in C(X) is equivalent to f I g, it follows that, given the minimal prime 
r-ideal A4 in C(X), f E A4 implies {f }dd CM. Hence, any minimal prime r-ideal A4 
in C(X) is a prime o-ideal. So A4 contains a minimal prime o-ideal N, which is, 
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as a z-ideal, an r-ideal (see [ll], beginning of section 3 and Corollary 6.4 (i)). 
Since Zvg) = Z( If / A 1 g 1) holds for all f, g E C(X), it follows that N is a prime 
r-ideal. This implies that M= N, and therefore M is a minimal prime o-ideal. 
The converse is proved analogously. 
THEOREM 10.2. (i) C(X) is hyper-Archimedean iff X if finite. 
(ii) C(X) is z-regular e C(X) is von Neumann regular (i.e., for any f E C(x) 
there exists r E C(X) such that f = rf2) H X is a P-space (i.e., every Z(f) is open 
in X). 
(iii) Every pseudo-compact P-space isfinite (cf. [7], 4K(2)). 
PROOF. (i) Assume that C(X) is hyper-Archimedean. Since C(X) is uni- 
formly complete, every principal o-ideal, in particular C&X), is of finite 
dimension (see [ll], Theorem 2.4). Using that X is a completely regular 
Hausdorff space, it follows immediately that X is finite. 
(ii) Since C(X) is semi-prime, C(X) is von Neumann regular iff every 
minimal prime r-ideal is a maximal r-ideal (see e.g. [lo], Theorem 1). Suppose 
that C(X) is z-regular and let M be a minimal prime r-ideal. By Lemma 10.1, M 
is a minimal prime o-ideal, so by hypothesis, A4 is a maximal z-ideal, i.e., a 
maximal r-ideal. The proof of the converse of this implication is similar. For 
the remaining equivalence we refer to [7], 4 J and 14.29. 
(iii) Follows from Theorem 9.4 and (i), (ii) above. 
Note in this connection that in C(X) every o-ideal is a z-ideal iff X is finite 
(see [l 11, Theorem 5.4 (iii)). Furthermore, in C(X) every r-ideal is a z-ideal iff 
C(X) is z-regular (for a proof we refer to [7], 14.29). 
As we have seen in [l 11, section 4, if F is a closed subset of X and 
I= (h E C(X) : FC Z(h)), 
then 
Id = (h E C(X) : X \ FC Z(h)). 
Applying this once more we get 
Idd = (h E C(X) : intc Z(h)). 
Using the complete regularity of X it follows that I is a band iff F is regularly 
closed, i.e., F=m. For any XEX we denote by J, the maximal o-ideal 
defined by J, = (h E C(X) : h(x) = 0) = (h E C(X): XE Z(h)). It follows from the 
above that Jx is a band iff {x) is open. Furthermore, if f E C(X), then 
I- = (h E C(X) : Z(f) c Z(h)) 
is a band iff Zcf) is regularly closed. 
THEOREM 10.3. (i) C(X) is order separable iff the countable chain condition 
holds in X (i.e., every collection of non-empty pairwise disjoint open subsets of 
X is at most countable). 
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(ii) C(X) has the a-o.c.p. iff every zero-set in X is regularly closed, i.e., X is 
an almost P-space. 
(iii) C(X) has the 0.c.p. iff X is at most countable and discrete. 
PROOF. (i) Since, by [14], Theorem 29.3, a Riesz space L is order 
separable iff every disjoint system of positive elements which is bounded from 
above is at most countable, the proof is straightforward. 
(ii) Since C(X) is uniformly complete, C(X) has the a-o.c.p. iff every z-ideal 
is a d-ideal (see Theorem 7.7), equivalently, 17 =@ for alIfe C(X), i.e., 17 is a 
band for allfE C(X). By the above remarks, this is the same as to say that every 
Z<n is regularly closed. 
(iii) Suppose that C(X) has the o.c.p., then C(X) is order separable, so the 
countable chain condition holds in X. Furthermore, every uniformly closed 
o-ideal, in particular every maximal o-ideal A, x E X, is a band, and therefore 
(x) is open for all XE X, i.e., X is discrete. Combining these two results we find 
that X is discrete and at most countable. 
Conversely, assume that X is discrete and at most countable. Then every 
zero-set Zy? in X is open, so, by Theorem 10.2, C(X) is z-regular. From 
Theorem 9.3 it follows that C(X) has the o-0.c.p. Now, X being at most 
countable, C(X) is order separable, and hence C(X) has the 0.c.p. 
It is well-known that C(X) is Dedekind complete (equivalently, C(X) has the 
projection property) iff X is extremally disconnected (i.e., the closure of every 
open set in X is open). Moreover, C(X) is Dedekind o-complete (equivalently, 
C(X) has the principal projection property) iff X is basically disconnected (i.e., 
the closure of every cozero set is open). See e.g. [14], Theorems 43.8 and 43.11. 
It is not difficult to prove that 
(i) C(X) is Dedekind complete iff C(X) is a Baer ring, i.e., every annihilator 
is generated by an idempotent. 
(ii) C(X) is Dedekind o-complete iff C(X) is a Rickart ring, i.e., the anni- 
hilator of every element is generated by an idempotent. 
Note that, by Remark 9.7, C(X) is d-regular iff C(X) almost Dedekind 
a-complete. 
THEOREM 10.4. (i) C(X) is d-regular iff for every fe C(X) there exists 
g E C(X) such that X \ Z(f) = mZo. 
(ii) If X is a metric space, then C(X) is d-regular. 
PROOF. (i) Since C(X) has a weak unit, C(X) is d-regular iff for every 
f E C(X) there exists ge C(X) such that {f Id= {g}dd (see Remark 9.6). Obser- 
ving that 
{f Id = (h E C(X) : X \ int Zcr) cZ(h)) 
and that 
{g}dd = (h E C(x) : int c Z(h)), 
the desired result follows. 
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(ii) Given fe C(X), the set X \ 20’) is, as a closed set in the metric space X, 
a zero set, i.e., there exists g E C(X) such that X\ Z(f) = Z(g). It is easily 
verified that Z(g) = m. Now it follows from (i) that C(X) d-regular. 
THEOREM 10.5. For C(X) the following conditions are equivalent. 
(i) C(X) is a normal Riesz space. 
(ii) C(X)={f+}+{f-}dforaNf~C(X). 
(iii) For any f E C(X) the sets 
posf=(xEX:f(x)>O)andnegf=(xEX:f(x)>O) 
are completely separated. 
(iv) X is an F-space, i.e., disjoint cozero sets are completely separated. 
(v) Every r-ideal in C(X) is an o-ideal. 
(vi) C(X) has the a-interpolation property. 
PROOF. (i) e (ii) Follows from [ Ill, Theorem 2.5. 
(ii)=(iii) By hypothesis we have e=el + ez, for some O<el E {f + Id and 
0 I e2 E {f -}d. Then cl(x) = 0 for all x E pos f and et(x) = 1 for all x E neg f, so 
pos f and neg f are completely separated. 
(iii) j (ii) Since pos f and neg f are completely separated there exists u E C(X) 
such that U(X) = 0 for all x E pos f and U(X) = 1 for all x E neg f. For any g E C(X) 
we have g = ug + (g - ug), with ug E {f + }d and g - ug E {f - }d. Hence, 
(iii) e (iv) Obvious. 
(iii)e(v) Is proved in [7], Theorem 14.25. 
(i) o (vl) Follows from Theorem 9.15. 
REMARK 10.6. (i) The equivalence of (iv) and (vi) in the last theorem has 
been proved by Seever, [20], Theorem 1 .l, in the case that X is a compact 
Hausdorff space. The authors wish to express their gratitude to P.G. Dodds for 
bringing Seever’s paper under their attention. 
(ii) In [3], section 4.8, Lemma 3, Cornish proves that X is an F-space iff 
C(X) is a normal ring. In Theorem 5 of the same section it is proved that C(X) is 
a normal ring iff C(X) is arithmetical (i.e., the lattice of all r-ideals in C(X) is 
distributive). 
We conclude this paper with some examples. 
1) Let X be an uncountable set and p E X fixed. The subsets of X not con- 
taining p, together with all subsets containing p and having a finite 
complement, are the open sets of a compact Hausdorff topology in X. It can be 
proved that C(X) has the a-o.c.p., but is neither d-regular nor normal. We note 
that this C(X) is an example of non-normal Riesz space in which the sum of any 
two d-ideals is a d-ideal (cf. [ll], Theorem 4.4). 
If we take in X as open subsets all subsets of X not containing p, and all 
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subsets of X containing p with an at most countable complement, then X is a 
normal Hausdorff space, which is not compact. In this case C(X) is z-regular, 
and X is a non-discrete P-space. Furthermore, C(x) is not Dedekind complete. 
2) The Riesz space C([O, 11) is d-regular, but not normal. Indeed, X= [0, l] is 
metric, but C([O, I]) does not have the principal projection property. Observe 
that C([O, 11) does not have the o-0.c.p.. 
3) Let X=plR+ \ lR+. Then X is a connected compact F-space (see [7], 
14.27), so C(x) is normal. However, C(x) is not d-regular (use that X is con- 
nected, hence C(X) contains only the trivial projection bands). 
4) The space C(pN) is an example of a Riesz space with the principal 
projection property (since CQ3N) is Riesz isomorphic to Im), but which is not 
z-regular (use that /3N is compact; cf. Theorem 10.2 (iii)). Hence, by Theorem 
9.3, C(pN) does not have the a-0.c.p.. 
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